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Horrocks has shown in [4] that if R is a local ring, then every vector bundle 
on PR1 has some O(n) as a subbundle. In this paper we show that if R is any 
ring such that R[x, x-l] is j-noetherian of finite j-dimension d, then every 
vector bundle on PR1 of rank r > d + 1 has some O(n) as a subbundle. When 
R is a principal ideal domain we obtain the same result for vector bundles 
of rank three or larger, and for all vector bundles if R is euclidean. 
Throughout, all rings are commutative with identity, and all modules are 
unitary and finitely generated. If R is a ring, P a projective module, and x 
an indeterminate, then P+ , P- , and P' represent, respectively, P OR R[x], 
P @s R[&], and P @s R[x, x-l]. We identify P+ and P- with their canonical 
images in P'. 
In light of Quillen’s theorem [7, Theorem 21, we may think of a vector 
bundle on P,l as a pair (P,f), w h ere P is a projective R-module and f is an 
R[x, x-I]-automorphism of P'. The rank of (P,f) is the smallest of the ranks 
of P, for p E Spec R. If F = (P,f) and ‘3 = (Q, g) are vector bundles on 
PR1, a morphism qx 9 - 9 is a pair of maps 
v+: P-t - Q+ (R[x]-linear) 
and 
y-: P--t Q- (R[xx-l]-linear) 
such that v- 0 f = g 0 v+ . 9 is a subbundle of 9 if q+ and v- are split injec- 
tions. U(n) is the line bundle (R, x-"). 
For a ring T, a projective T-module Q, and (Y E Q, C(a) denotes the content 
or trace ideal of a in T. Recall that for p E Spec T, a: is basic in Q at p if C(a) g p, 
and unimodular if C(a) = T. The set of j-prime ideals of R[x] which do not 
contain x will be denoted by S; observe that ol E P+ is basic on S precisely 
when C(E) R[x, x-l] = R[x, x-l]. 
Let 9 = (P,f) be a vector bundle on P, 1. To show that U(n) C 9 it suffices 
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to find a unimodular element 01 of P+ and a unimodular element 0~’ of P- such 
that f(a) = x-%‘. For we may then define q~: 0(n) --f 9 by y+(l) = Q and 
v-(l) = or’; the unimodularity of 01 and 01’ makes y+ and y- split injections. 
LEMMA 1. Let (P, f) be a vector bundle, and suppose f(a) = 01’ for a E P, 
and 01’ E P- . If ci is unimodular, then 01 is basic on S. If, in addition, 01 + p is 
basic on S for some /3 E P, , and f (p) = ,t? E x-lP_ , then 01’ + /l’ is unimodular. 
Proof. Since f is an R[x, x-r] automorphism of P+ , C(a) R[x, x-l] = 
C((Y’) R[x, x-r] = R[x, x-l] if 01’ is unimodular. Similarly, if ol + p is basic 
on S, then C(a + F) R[x, x-l] = R[x, x-l], so that any maximal ideal of 
R[x-r] containing C(ol’ + /3’) must contain x-l. Since fi’ E x-lP_ such an ideal 
also contains C@‘), and therefore C(J) as well. But if a’ is unimodular this 
is impossible, so 01’ + /3’ is also unimodular. 
THEOREM 1. Let R be a ring such that R[x, x-l] is j-noetherian of finite 
j-dimension d. Let F be a vector bundle on PR1 of rank r > d + 1. Then F has 
some U(n) us a subbundle. 
Proof. Write 9 = (P, f). We wish to find unimodular elements a E P+ 
and a’ E P- and an integer m such that f (a) = XYY’. 
Our hypotheses guarantee that R is j-noetherian of j-dimension less than d. 
By Serre’s theorem [9, Theorem 11, P = R @ Q, where Q is a projective 
R-module of rank r - 1 > d + 1. Let /3’ be any unimodular element of P- , 
and choose an integer k so large that /3 = xkf -l(/?‘) lies in P+ . Write /3 = (a, p), 
where a E R[x] and p E Q+ . 
By Lemma 1, /3 is basic on S. S (with the Zariski topology) is a noetherian 
space, and the S-dimension of R[x] is d. Also Q, is (d + 1)-fold basic in P+ 
on S. We may apply the Eisenbud-Evans theorem [2, Theorem A] to deduce 
the existence of some q E Q+ such that p + aq is basic in Q+ on S. 
Let g be the R[x]-automorphism of P+ defined by g(b, s) = (6, s + bq). 
Replacing /3 by g(p) and f by f 0 g-l, we may assume that /3 = (a, p), where p 
is basic in Q+ on S. 
Let y = (1,O) E P+ , and choose m > k so large that y’ = x-“f (y) lies 
in x+P- . Let 01 = xrndk/3 + y, and a’ = p’ + y’; note that f(a) = x%‘. We 
claim that 01 and 01’ are unimodular. 
By Lemma 1, it suffices to show that 01 is unimodular. Suppose that it is not, 
and let m be a maximal ideal of R[x] which contains C(a). Now 01 = 
(1 + x”-La, x”-‘cp), so C(x +“p) C m. Since p is basic on S, so is ~“-~p, so 
x E tn. But (1 + x”-ka) E m, and m - k is positive, so 1 E m. This contradiction 
shows that ol is unimodular, and proves the theorem. 
COROLLARY. Let R be as in Theorem 1, and let .F be any vector bundle on P,l. 
Then 9 has a filtration 
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SZK~ that Si/SiAl s O(ni) for some integer ni , 1 < i < t, and the ra& of 
9&& does not exceed d + 1. 
This answers a question raised by Roberts in [B]. 
Quillen’s theorem suggests that results on vector bundles on PRr should 
depend on Spec R rather than Spec R[x, x-l]. In particular, the following 
generalization of Horrocks’ theorem may be true. 
Conjecture. Let R be a j-noetherian ring of finite j-dimension d. Then 
every vector bundle on Pa1 of rank greater than d + 1 has some 0(n) as a 
subbundle. 
For certain Dedekind domains R, there exist rank two vector bundles on 
Pa1 of which no U(n) is a subbundle, so the rank requirement may not be relaxed 
further. A much stronger result may be true; the only examples with which 
I am familiar of vector bundles on Pa1 with no non-trivial subbundles are 
of the form (P, 1 @ x~), where P is an indecomposable projective R-module. 
When R is noetherian and R/p is infinite for every p E Spec R, the rank 
restriction in Theorem 1 may be improved by 1. This is a special case of a 
much more general theorem. If R is such a ring, X is a quasi-projective scheme 
over R, and % is a vector bundle on X with rank 9 > dim X, then some O(n) 
is a subbundle of 9. (When R is an infinite field, this result appears in [6, 
Theorem 4.71. The more general result is apparently unpublished.) The theorem 
can be proved by observing that if T is a graded polynomial ring over R, then 
the Eisenbud-Evans theorem is valid for graded modules, homogeneous 
elements, and non-maximal homogeneous primes. (See [3, Section I] for a 
proof which generalizes to this case.) Let X be an open set of PRL, and extend 
9= to a coherent sheaf 9’ on Pak. Let M be the associated graded module, 
and apply the graded Eisenbud-Evans theorem to M and the prime ideals 
in X. This gives a homogeneous element 01 of some M, = T(Y(n)) which 
is basic at all points of X. The map R --f M defined by 1 + ar induces 0 C 9(n), 
or 0(-n) 2 St. (I would like to thank the referee for bringing the information 
in this paragraph to my attention.) 
Throughout the remainder of this paper, R is a principal ideal domain 
and 9 = (P, f) is a vector bundle on Pa1 of rank T > 2. For OL E P+ , a! E P 
is the result of reducing module x. Our strategy in looking for subbundles 
of F is to choose 01 E P+ with x-“f ( ) 01 unimodular in P- for some n such that 
C(E) is maximal. If C(G) = R th en a is unimodular, since by Lemma 1, C(a) 
contains some power of x. 
Fix a basis for the free module P. For 01 and /3 in P+ , let (Y . /3 denote the 
ordinary scalar product. If 01 E P+ is basic on S, we define @((or) = {BE P+: 
p is basic on S and ~./3=0} and B(o?)={/?EP-:(Y./~=x~ for some 
integer n}. 
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LEMMA 2. If 01 E P+ is basic on S, there is some p E 0?(01) with C(E) C C(p). 
If r > 3 and 01 is not u&modular, then /3 can be chosen so that the inclusion is strict. 
Proof. Let F, be a free R[3c]-module with basis {er ,..., er}. Define a map 
@: F,, -+ R[x] by @(eJ = cli , where the oli’s are the components of ol. The 
image of @ is the ideal C(a), which has homological dimension at most one, 
since R is a PID. We have an exact sequence 
0--+F, AF,tC(or)-0, 
where F1 is free on r - 1 generators. After fixing bases, 0 is given by an 
r x (r - 1) matrix A. Let y be the r-vector over R[x] whose components 
are the (Y - 1) x (r - 1) subdeterminants of A. Then there is some nonzero 
a E R[x] with aC(y) = C(a). ([5, Exercise 8, p. 1481. This is essentially a 
theorem of Burch [l].) 
Let /3 be any column of A; we may think of /3 as an element of P+ . Then 
01 . /3 = 0 and C(U) C C(y) C C(p), so that /J E GZ((o1). Also C(Z) S C(p), which 
establishes the first part of the lemma. 
If r 2 3, A has at least two columns. Let b,R (1 < i < r - 1) be the content 
ideals (in R) of the columns of A, and note that C(T) c bR, where b is the 
product of the bi’s. If C(E) = b,R for all i, then C(s) is an idempotent ideal. 
If C(g) = R, then 01 is unimodular. If C(E) = 0, then every column of A is a 
multiple of X, which is impossible since they generate the kernel of @. Therefore 
C(G) is strictly contained in biR for some i; the corresponding /I satisfies the 
requirements of the lemma. 
LEMMA 3. Let 01 E P+ be basic on S. Then there is some /3 E g(a) with 
C(G) _c C(P). 
Proof. Since OL is basic on S, B(or) is not empty. Let y E g(cr) be arbitrary, 
and apply Lemma 2 to choose S E a(a) with C(G) C C(s). Take /I = 6 + xy. 
THEOREM 2. Let R be a principal ideal domain, and 9 = (P, f) a vector 
bundle on P,l of rank at least three. Then F has some 0(n) as a subbundle. 
Proof. Among all elements of P+ whose image under xnf for some n is a 
unimodular element of P- , choose 01 such that C(g) is maximal. We claim 
that (Y is unimodular, which would prove the theorem. 
Choose n so that cy’ = x”f (a) is unimodular in P- ; Lemma 1 implies that 
OL is basic on S. If ol is not unimodular, Lemmas 2 and 3 guarantee that we can 
choose ,f?~@or) and YE Olga) so that C(g) is strictly larger than C((Y). Let 
m < n be so small that y’ = x”f (y) E x-lP- . Then 6 = P+% + y is basic 
on S, since p E a(6), and 6’ = CJ + y’ = x”f (6) is unimodular by Lemma 1. 
But C(s) = C(p) is larger than C(G), contrary to our choice of ol. 
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COROLLARY. Let R be a PID, and let 9 be any vector bundle on P,l. Then 
F has aJiltration 
such that 9J.F-1 is a line bundle when i < t and zF&~-~ has rank at most two. 
Now assume that R is a euclidean domain with multiplicative algorithm 
function d, and let 9 = (P,f), where P is free of rank two. For 01 E P,. , 
C(E) = aR for some a E R; define d(a) = d(a) if a # 0 and d(cu) = 0 otherwise. 
Fix a basis for P+ . 
LEMMA 4. If cy E P+ is basic on S and d(a) > 1, then there is some /3 E g(a) 
with 0 # d(p) < d(a). 
Proof. By replacing a: by g(a) and f by f og-1 for suitable g E GL(2, R[x]), 
we may assume that Cu. is the vector (a, 0), where C(E) = aR # 0. 
If /3 E g(a), then @ . 01 = xk for some non-negative integer k. Choose /3 
so that k is a minimum; if k = 0 (Y is unimodular, so that d(a) = 1. Since 01 
is not unimodular, p is a vector of the form (0, b), where b E R. 
Lemma 2 guarantees the existence of some y E @(a) with 0 # d(r) < d(a). 
7 = (0, c) for some non-zero c E R with d(c) < d(a). 
Since R is a euclidean domain, there is some p E R with b + qc = 0 or 
d(b + qc) < d(c). Then ,8 + qy E B(a); if b + qc = 0, /3 + w = x8 for some 
6 E %?(a), and 8 . 01 = xlc-l, contradicting our choice of 8. Therefore p + py 
satisfies the requirements of the lemma. 
THEOREM 3. Let R be a euclidean domain. Then every non-zero vector bundle 
on PR1 has some 0(n) as a subbundle. 
The proof is essentially the same as that of Theorem 2, minimizing d(o) > 0 
rather than maximizing C(G). Lemma 4 gives the strict inequality needed. 
COROLLARY. Let R be a euclidean domain, and let F be any vector bundle 
on PR1. Then F has afiltration 
0 =F”rFlc..._cPt =F 
such that 9$F5-1 is a line bundle (1 < i ,( t). 
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